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1. buppose E be a finite field of order ¢. with prime subfield F & Ly g=p".

{ai Prove that I is the splitting field over F of the polvnomial f(z) = 2¢ — z.

(i) Using (a), prove that. for any prime p and positive integer 7. there exists a field F of order
g = p". which is unigue up to isomorphisnt.!

(c) In the notation of part (a}, prove that f is separable over F. and conciude that E is Galois
over F.

isomorphic to ZZ,,.

() Show thar the mapping r — 2P is an F-automorphism of E. Deduce that Gal(E. F) is

2. Prove that the Galois group of the polvnomial f(z) = 4 — 2 is isomorphic to the dihedral group

Ds. /

SASuppose Fis a field containing an element « satisfving «” = 1. and such that all roots of 2" — 1
are powers of «. (W is called a primitive n'™ root of unity.) Let E = Flaj. where " =a € F.

{a) Show that E is Galois over F. and that | Gal(E. F))| divides n.

=3 (b) Show that there is an F-automorphism o: E - E satisfving o(a) = aw.
(¢) Show that the automorphism ¢ of part (b) generates Gal(E. F'), hence Gal(E.F) is cyclic of
order dividing n.

4. Let flo,y) =2+ 2% — y? 2 Cla, ¢

(a) Show f is irreducible. (Consider f as a polvnomial in grover the PID G apply Eisenvein's
Criverion. ) 'k c&]

(b) Let I = (f) and R = Cla,y!/I. Since f is irreducible, R is an integral domain. Let E be the
quotient field of R. Show that E is (up to isomorphism) an extension field of C.

(c) Show that r represents a transcendental element of E over C. and E is algebraic over Clz).
(d) Show that F is Galois over C{z) and identify the Galois group.”
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"This field is calied “tie Galos field of order ¢." denoted GF(g). CO\IG”‘ )
“The inclusion Ciz) — E corregponds to the projection from the curve fiz,y) = 0 onto the o axis.
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