MAT 612 Final Exam (take-home) Name . PUIT (ONS
04/30/2010 (due Thursday 05/6/2010. 5 pm)
120 points

1.(15) Let M be the Z-module (i.e.. abelian group) generated by three elements a. b, ¢, subject to the
relations 28a + 12b + 4c¢ = 0 and 32a - 16b + 8¢ = 0. Find the invariant factor decomposition of M.
Identify the rank and torsion submodule of M.
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2.(20)Let R = Qjz;and A = [(] 2 4| . Define an R-module structure on M = Q7 by p(z)-v = p(A)v.
0 1 2

(a) Find w - €).7 - €9, and x - e3 where e}, e5. and ez are the standard hasis vectors in Q°.

(b) Let ¢: R® — M be the unique homomorphism satistying ¢((1.0,0)) = ey, »((0,1,0)) = s,
and ((0.0,1)) = e;. Find ¢(2z,1 +2%.2 - z).

(c) Find generators for the kernel of ¢, and a presentation matrix for M as an R-module.
(d} Find the orders (annihilators) of the cyclic submodules of M generated by ej, e2. and es.

3.(15) Let k be a field and R = klz,y]. Find a free resolution of the R-module R/I, where I is the
ideal (22, zy).

4.(15) Let @ C R be a primary ideal.and let P = \/Q). Let A be an ideal of R with A € Q, and set
I=(Q:A)={reR|rA<Q} Show that I = P and I is primary.

5.(15) Suppose F' C E is a field extension with |E : F| < oo. Prove that | Gal(E, F)| divides |E : F|.

6.(25) Determine the degree of the following field extensions.
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{a) Q@ C Q|w] where w = ¢ 5.

(b) Q C E where E is a splitting field of the polynomial f(z) = «” — q over Q, where p and ¢ are
prime.

(c) Show that the regular pentagon is constructible with compass and straight-edge.
7.(15) Let F' C E with |E : F} < oc. Suppose f € F[X| is irreducible and deg(f) = p is prime. Prove:
if f is reducible over E then p divides |E : F|.
Hint: Consider Elco] and Fla]. where o is a root of f in a splitting field of f over E.
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