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MAT 612 Exam 2 (take-home) Name . SOf_LIIO NS
04/07/2010 (due Wednesday 04/14/2010, 5 pm)
90 points

1.{20} Let I/ C E be a field extension.
(a) Suppose o € E is transcendental over F. Prove that Flaj is isomorphic fo Flz]. {Hence F{a)
is isomorphic to F(x).)

(b Asubset 5 = {a,..., a5t of E issaid t0 be algebraically dependent over F if there is a nonzero
polynomial p € Flry, ..., z,] such that plag, ..., o) = 0. A set is algebraically independent if it
is not algebraically dependent. '

Suppose {o1,..., an} is an algebraically independent subset of E. Prove that Fley,. .., a,] is

isomorphic to Flzy, ..., I (Hence Fay,...,ay) is somorphic to F{zy,...,x1,).)

(c) Suppose {oy,...,an} is & maximal algebraically independent subset of E. Prove that F is
algebraic over Fla, ..., an).

2.{20) Suppese F C K C F are field extensions.
(&) Suppose o £ E is algebraic over F. Prove o is algebraic over K and m® (z) divides mZ (z) in

Elz].

(b) Suppose o, 8 € E are algebraic over F, and mi (x) and mf (x) have relatively prime degrees.

Prove that m¥ (z) = ma i {m).

3.(15) Suppose E = Flo] with o algebraic over F. Prove that |Gal(E, F)| <| E: F|.
{Hint: Consider the roots of mi (z) in E.)
4.{15) Suppose F' C E is a field extension.

{a) Let a, B € E. Suppose there exist distinct elements s,¢ € F such that Fla + 8! = Flo -+t
Prove that Fla, §l = Fla+ s3..
{Note: The hypothesis W]li hold 1fF iz infinite and there are only finitely many fields K with F C K C F )

(b} Suppose E and F are finite. Show E = Flo] for some « € E.

5.(20) Let R =kr1,...,2n}, It & field. A monomialin R is an element of the form cz{* .- 2%+, where
05 c € k and each a; is a non-negative integer. This element is denoted ex® where x = (Z1,. . %n)
and a = (41,...,a,) € N (For example, (x,y. 2} = 2225 ) Then x2xP = x2tb.

A monomiol ideat in I is an ideal generated by monomials.

(a) Suppose T is a monomial ideal. Show that T ig prime if and only if I is generated by a %ubset
{240y ..oy, } of the variables {zy,. .. 2.}

{b) Suppose I is a monomial ideal, and f € R. Note that f can be written in the form 37 ¢ cax®

for some finite set S of vectors in N™, where ¢, € k for a € 5. Suppose f £ I. Show that every

term of {isin 1. '
£

Notational hint: write 7 = (x®*,...,x® ), (Why only finitely many? Why no &s?)

{c) Let I be the ideal generated by {ad,ae, bed, be, ce, de} in B == kia, b, e, d, e]. Express [ as an
intersection of prime ideals, and answer these questions: is I radical? does ] have any embedded
primes?

Hint: Use ideal guotient.

i

over {or 5 %-m»wfg’c*‘f?ﬂ“i)



FO0 = €07, §

St o 5

CDC?‘»\} Lad Q=

“%/w@;tf“ “eﬁ’f\} %Zi‘} nm@xff*j AN 5{,&%&{.&3("’@1_.(%3 &

Lo f“‘\m @gi & ’%%ﬁo""‘ i f TN .tﬁwﬁfw ff C’Eﬁ\} . £ &‘Aﬁggg g»f(’x ‘ ‘% s A

%wﬂ%mf g‘”}%& e

7y P

(b)Y As oy | teb @ Bl s J = Fl o jun j
" 4 & s,

be defired gmg @ip) = plog o0y Then P
»fff’{f’fi E“éifw Cfe"("” ) Y QZ(«%L}*%(‘? gKH me ok %

ff -{ Mxﬁf}gﬁ\/éww{ Thes p S an (S eyl ;:;}{}x

R

Suns E@” 5 [N SO

% A‘,{fq‘ﬁn»f@ CHIL G
L Effﬁruwaﬁj

(O let e b, Then $u, a0, 0 2 A
ﬁwwﬁaﬁg y by TRE o ey i%\.! ASS o p M. The A

Q {;j;e” ngww‘)%ﬂ)xi}.‘ s Egtégp S —ngf P(I@{‘n Q;m‘d_) =
.y e 3 T T and Pl =0 5o w

s F

’me o & (A
fs gﬂ&f baie ever Fix Cyy ” EW\ .
(jw et ({*;) K{n) = E ke dedied by < ( ke DI g::z (oS
PO -@’%ﬁf”’“’*f{’r‘\} % o g;y mmm&; Mj{“’wf}

Sinee KxZ 05 = £10,
. , ]
M”@‘ﬁfﬁ% © \%g mt;% p %““ gﬁ@ % P e, )

fﬁ}
o
=
B
5
"}x/m
4,k

=Sy,
s ot















