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1.(25) Suppose f: G — H and g: G — H are homomorphisms.
(a) Show that the set {z € G| f(z) = g(z}} is a subgroup of G. | K

2y
Lot N

2.(25) (a) Prove: if G is a finite simple group, and : G — G is a nontrivial homomorphism, then ¢
is an automorphism. ’
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l (b} Let p G — Hbea homomorphism of finite groups. Prove Him{yp) divides botk G| and




3.(20) Let R be a commutative ring and let ¢ be an element of R. Prove that [, = {z € R | az = 0}
is an ideal in R.
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4.(20) Suppese & is a group, and H is a subgroup of . Prove that the number of conjugates H*,
z € G, of H in G divides the index |G )| of the normalizer Ma{H.




5.(25) Suppose the group G acts on the left on the set ().

(a) Let z € Q, g€ G and y = g 2. Show G, = (G,)9.

6.(35) Suppose & is a group of order 1225. Show G is abelian. List all possibilities for G, up to
isomorphisim,




7.(35) Recall a group G is metabelian iff there is a normal subgroup N of G such that N and G/N are
abelian.

(a) Give an example of a metabelian group that is not abelian.
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(b) Let G = G 25 G@W 2 G@ ... be the derived series of G.* Prove: if G(Q} =1 then G is
metabelian.
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{c} Suppose ¢: G~ H is a surjective homomorphism, with /I a metabelian group. Prove there
is a surjective homomorphism @: G/G® —s H satisfying ${aG®) = p(x).

[

1) = g1, gt~ for k& > 1.



8.(20) Let 0 — A ~=5 B £, ¢ — 0 be a short exact sequence of abelian groups, with C isomorphic
to Z. Prove B & A4 x (.
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9.(25} A simple ring is a ring with no nonzero properideals. The center of a ring R is
R | rz =zr for all r € R}. Show that the center of a simple ring with 1 is a field.

10.(20) Let R be a ring and M a right R-module. For (right) submodules T and J of M, let (I : J) = “ ) ' \"
{r e R|Jr CI}. Prove that (I :.J)is the annihilator of the submodule (7 +.J}/J of the module M/I. < Ny
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