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MAT 4431 Exam 1 (Take-home) Neme _ 22 bAAT ONS
2/13/07 {due Wednesday 2/18)
60 points

Take-home exam rules: vou mayv consult any published texts, but are not to consult with any human resource axcepd the insbruchor by any means.

Hints are available from the instructor. No theorems other than those we discusged during the couree are needed to soive these problems - those

resulte can be used fresly. AH other nontrivial statements should be supported.

1.{16) (a) Suppose X is a T} space’ and A C X. Show that {A"Y C A’

Move: Thers 16 o hint on the webh page.
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(b) Show that any finite T} space is dl%crote
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(d} Prove: if X is a 71 space, A C X, and z € A, then every open neighborhood of z contains
inﬁniteiy many peings of 4.

Note: There is a hint on the web papge.
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IThat is, {x} is closed for every z € X.




2.(12) Let R denote the set of reals with the standard topology, and R, the set of reals with the
half-open interval topology.2

{(a) Let [ be the identity function, f{z) = z for all real numbers 2. Determine whether f: R — Ry
and/or f: By — R are continuous, and prove your answer.
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b) Let X = Ry x R, with the product topology. Let L be a 5tra'1crht line in X, with the subspace
{ L L 3

topology. Determine conditions under which L is homeomorphic to R, or to Ry, or nejther. -
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{e) Let 2.y € Ry, with o £ y. Prove that there are open subsets UV and V of Ry with & € ULy €
V, UnV =8, and U UV =Ry (A space with this property is said to be fotally disconnecied.)

ﬁ’t 6{5 {..J’\NM LL} {"’éﬁg\‘@{m&"% é,ﬂg QE,“, fj‘ii' »ij;rff%‘ w.‘ﬁffﬂf‘”‘ﬁ { “E k"i WE‘ %ﬁé ‘}{« < ) Kf c

From pas + (e &- {&} ‘\%\} R Lo ”ﬁ“ o x}s y S

. 5 o . { ;
U= (0,4} = U lagy 5 pem s and i anfains X-
ki & £, ’% ! 5 -
N . . ¢ : * ., . - 2 N ,c; x .
gs‘m&&rﬁh N = qx Ly, @%E = f;: y ?-"f} WS mEa and cortains
\ H

“ by
U= (oo yd DLy ) =@, and UV Zleyhily e

=R,

%S0 Ry has basis consisting of the half-open intervals [a,b) with —oco < a < b < oo,
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3.(12) (a) Let X and ¥ be nonempty topological spaces. Suppose X x ¥ is Hausdorff. Prove that X
is Hausdorff.
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(b) Let p: X x Y — X be the canonical plee(‘tlon p(*r Yy = T. q}mw th L%;dﬂ open map “ﬂf”m }x{ & g/{
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{¢) Find an example to show that p: X » ¥ — X need not be a closed map, that is, it need not
map closed sets to closed sets.

Note: You may {ind it convenient to uso the resuls of HW £2.3
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405 Let f: X — Y be a continuous fmmt]on Let T(fy € X =Y be the graph of f, defined by

Tif)={lz,y) € X xY | y = flz)}, considered as a subspace of X x Y. Show that T'{f) is homeomor-
phic to X,
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5.{15} Parts (a) and (b) of this exercise shows that for general (non-metrizable) topolegical spaces a
limmit peint of a subset A need not be the limit of a sequence of points in A,

Let X = R with the co-counteble (or “countable complement”) topology: a subset IJ is open if UV = 1)
or R — U is countable® It is easy to check thaf this is indeed a topology on X (e.g., using the axioms
for closed sets).

(a) Suppose A € X is an uncountable set (for instance, A = [0, 1]). Show that e\}ery point x € X
is a Iimit point of A,

Hint: A subset of o countable set must be countable. .
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¢) Suppose X is a metric space, 4 C X, and = € A’. Prove that there is a sequence {z,}°, C 4
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