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Power Optimized DSTBC Assisted
DMF Relaying in Wireless Sensor Networks with
Redundant Super Nodes
Abolfazl Razi, Fatemeh Afghah, and Ali Abedi

Abstract—In conventional two-tiered Wireless Sensor Networks (WSN), sensors in each cluster transmit observed data
to a fusion center via an intermediate supernode. This structure
is vulnerable to supernode failure. A double supernode system
model with a new coding scheme is proposed to monitor a
binary data source. A Distributed Joint Source Channel Code
(D-JSCC) is proposed for sensors inside a cluster that provides
two advantages of low complexity transmitters and scalability to
a large number of sensors.
In order to setup a robust communication channel from
sensors to the data fusion center, Distributed Space-Time Block
Coding (D-STBC) is employed at two supernodes prior to
relaying that results in additional diversity gain. DeModulate
and Forward (DMF) relaying mode is chosen to enable packet
reformatting at the supernodes, which is not possible in widely
used Amplify and Forward (AF) mode. The optimum power
allocation for the two-hop multiple DMF relaying is calculated
to minimize the system Bit Error Rate (BER). An upper bound
is derived for the system end-to-end BER by analyzing a basic
decoder operation over the system model. The simulation results
validate this upper bound and also demonstrate considerable
improvement in the system BER for the proposed coding scheme.
Index Terms—Distributed coding, demodulate and forward
relaying, distributed space-time block codes, power optimization.

I. I NTRODUCTION
LASSICAL Wireless Sensor Network (WSN) solutions
with direct data observation are not capable of addressing various practical harsh environmental and non-invasive
applications. Some examples include: jet engine temperature
monitoring, crack and corrosion detection in composite materials, and non-invasive biomedical diagnostics. In all these
applications, the source of data is indirectly observed by
several remote observer agents. Due to power constraint of
tiny observer sensors, the collected data should be transmitted
via an intermediate relay node to the data fusion center for
subsequent data processing. Finding the optimum transmission
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technique for these situations considering the implementation
constraints is still a challenging problem in WSN.
The indirect multi-terminal observation is first investigated
by Berger et al introducing a model called Chief Executive
Officer (CEO) [1]. This problem is intensively investigated
from information theoretic perspective and rate distortion
regions are found for some special cases including quadratic
Gaussian case [2], [3]. Recently, several attempts are made
to generalize the distortion rate regions and corresponding
bounds to more generalized observation models [4], [5]. These
theoretical limits are based on simplifying assumptions of
unlimited number of observers and very large data block
lengths. In this article, we examine this problem from a
practical standpoint and propose a reliable and efficient coding
scheme for limited number of sensors to estimate a binary data
source.
In a traditional statically clustered two-tiered WSN, a supernode collects data from sensors inside a cluster and relays
it to a data fusion center using different relaying modes [6].
This structure is not efficient and is vulnerable to supernode
failure. To overcome this drawback and improve the system
BER performance, a new system model based on using two
supernodes at each cluster is proposed in this paper.
The first tier is composed of sensors in one cluster monitoring a binary data source. Noting the high correlation among
sensors’ data, overall system data flow efficiency can be
considerably improved using Distributed Joint Source Channel
Coding (D-JSCC) [7]–[9]. Most reported D-JSCC schemes
are based on capacity achieving Low Density Parity Check
(LDPC) and turbo codes that are too complex for computationally constrained sensors. The decoding complexity
is almost impractical for a large number of sensors [10]–
[14]. A practical low complexity D-JSCC solution based on
a distributed version of Parallel Concatenated Convolutional
Codes (PCCC) is introduced by authors in [15], which is
applied to the first tier of the proposed system structure in
the current work to enhance the end-to-end system error rate.
The second tier is composed of links from the supernodes
to the base station. De-Modulate and Forward (DMF) relaying
is applied to supernodes to enable reformatting of the received
packets into a single multi-frame before forwarding to the
base station. Distributed Space Time lock Codes (D-STBC) are
widely used as a diversity technique in wireless networks [16]–
[20]. In the proposed system model, the two supernodes is
placed far apart, hence D-STBC can be employed prior to
relaying to provide an additional diversity gain.
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It is shown that for a multi-relay system with D-STBC
assisted AF relaying, the optimum power allocation among
source and relay nodes is equal power allocation [21]. BER
performance for these systems with equal power allocation is
analyzed in [22]. Surprisingly, the optimum power allocation
for DMF relaying mode, found in this research, is not the
equal power allocation.
The rest of this paper is organized as follows. The proposed
two-tiered system model along with the coding scheme proposed for each tier are elaborated in section II. Section III
includes analytical methods for power optimization and BER
performance analysis. These results are verified by simulations
in section IV. Concluding remarks are provided in section V.
II. S YSTEM M ODEL
The proposed two-tiered structure is depicted in Fig. 1. Each
cluster includes a binary source observed by a group of sensors
that form the first tier of the system. The optimum number
of sensors in each cluster, M depends on the system quality
conditions such as sensors’ observation accuracy, channel
SNR, and coding rate, which is discussed in [15]. The source
data of different clusters assumed to be uncorrelated. There is
no overlap between the clusters, hence we focus on one cluster,
in this paper. The channels from sensors to the supernodes are
orthogonal either in time or frequency. Both supernodes listen
to the same channel set and receive different versions of the
same signal.
The second tier is composed of two supernodes per cluster
that forward the received signals from sensors to the base
station using a method explained in section II-D. All channel
coefficients are assumed to be independent Zero-Mean Complex Gaussian Random Variables (ZMCGRV). In summary,
the system includes low complexity short range sensors,
medium complexity supernodes and a computationally-rich
base station which performs joint decoding and data fusion.
A. Binary Source Observation
In some applications, the observation accuracy is modeled
as a joint Gaussian distribution for source and sensor measurement. This model is not usually realistic due to wide category
of parameters under measurement including light, temperature,
humidity, stress, pressure, etc. Moreover, the distortion from
source to the sensors may be different than a Gaussian model.
An approximate approach is to model the bit flipping between
the digitized versions of the source data and observed data
with a virtual BSC channel [12], [23]–[25]. The crossover
probability of BSC channel from the source to the ith sensor,
βi , is the lower bound on the probability of bit flipping due
to observation imperfectness.
Noting the above justification, we consider the source data
s = {s1 , s2 , ..., sN } as an independent identically distributed
(i.i.d) equiprobable Bernoulli sequence of length N . The
k
observation of sensor i is si = {s1i , s2i , ..., sN
i }, where si =
k
k
k
th
s ⊕ ei . The term ei is the observation error in the k bit of
si with probability p(eki = 1) = 1 − p(eki = 0) = βi . For the
sake of simplicity, equal observation accuracy is assumed for
all sensors, βi = β. Considering discrete memoryless channels
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Fig. 1.



 
    

System model for two-tiered double-sink wireless sensor network.
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Fig. 2. Distributed joint source channel coding for cluster of sensors with
correlated data. The two-hop multiple relay channels from the sensors to the
base station is modeled as inner channels.

(DMC) and independent observation errors, the pairwise correlation between two sensors can also be modeled as a virtual
BSC channel with crossover probability β ∗ β = 2β(1 − β).
This fact is used in the iterative decoder implementation to
estimate and use the correlation parameter at the receiver.
B. Encoder and Decoder Structures
In the proposed coding scheme to performs D-JSCC, each
sensor node consists of a random interleaver followed by a
RSC encoder. Feed forward and feedback polynomials of RSC
encoders are arbitrarily set to f (D) = 1+D2 and g(D) = 1+
D + D2 , respectively. Parity and systematic bits are punctured
using an appropriate pattern to form an output frame for the
N/R
ith sensor ci = {c1i , c2i , ..., ci c }, where Rc is the desired
coding rate per sensor. The resulting frame is BPSK modulated
N/R
to form the output signal xi = {x1i , x2i , ..., xi c }. The output
of all sensors, altogether form a distributed structure of PCCC.
Since the orthogonal channels achieve the maximum sum rate
of a multiple access channel [26], the frames are sent via
orthogonal channels to the fusion center. The communication
channel set from each sensor to the fusion center is called
inner channel as depicted in Fig. 2 with details elaborated in
section II-D.
Inspired by the encoder structure, a decoder based on
Multiple Turbo Decoder (MTD) is used to decode the received
frames and estimate the source bits. The block diagram of
this decoder is presented in Fig. 3. The main idea is using
other sensors’ observations as side info in decoding any
sensor’s observation. Several modifications are applied to the
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Iterative decoder based on MTD employed at the base station.

decoding algorithm including i) decoder initialization, ii) LLR
exchange, iii) hard limiter and iv) iteration termination criterion in order to improve the performance of the MTD decoder.
The modifications are based on the fact that despite traditional
turbo decoder, the parity bits of each constituent decoder
correspond to a particular sensor’s observations, which are
corrupted versions of a common data source. The observation
accuracy of the sensors are not known at the receiver and can
be adaptively extracted from the received frames. Details of
the decoding algorithm is presented in [15].

C. Relaying Mode
Two supernodes at each cluster collect data from sensors
and forward it to a data fusion center at the base station.
Despite commonly used single supernode structure, we utilize
two supernodes to make the system robust to supernode
failure. This moreover, provides space diversity gain as analyzed in section III. Different relying modes can be used in
supernodes. It has been shown that for orthogonal half duplex
transmission with duty cycle of 1/2, Decode and Forward
(DF) mode outperforms AF and DMF modes if the channels
from the source to relay are less noisy than the channels
from relays to destination; otherwise the performance is almost
similar [27]. In this paper we assume equal noise levels at two
hops of the communications. However, we use DMF relaying
because of the following reasons:
•

•

•

Decoding complexity is proportional to the number of
sensors and it is preferred to skip decoding at the
medium-complexity relay nodes if not necessary (DF is
not desired).
Simulation results show lower performance for DF mode
when the observation accuracy of sensors are low. Since
by decoding at the relay nodes, some useful correlation
information are lost at the destination.
The performance of AF and DMF modes are almost
equal. However, DMF mode is chosen in this work, since
it enables packet reformatting at relay nodes. Different
frames received from the sensors over orthogonal radio
channels are put together to form a single multi-frame and
forward to the base station over a single radio channel.

To obtain time diversity in addition to space diversity of
order 2, when the channel coherence time is relatively small
with respect to symbol duration, a distributed version of space
time block codes (D-STBC) is employed at the relay nodes,
as presented in sections II-D and IV.

i
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Fig. 4. Channel coefficients for the communication links from sensors to
the base station via two supernodes.

D. Inner Channel Model
The so called inner channels from each sensor to the base
station form a multi-relay structure as depicted in Fig. 4.
The inner channel corresponding to the ith sensor, consists
of two fading channel sets fij and gj , where fij represents
the channel coefficient between sensor i (i ∈ {1, . . . , M })
and supernode j (j ∈ {1, 2}) and gj represents the channel
coefficient between supernode j and the base station. The
channel coefficients are i.i.d ZMCGRV, fij , gj ∼ CN (0, 1).
The channel information, fij and gi are assumed to be known
only at the receiver, enabling the use of coherent detection.
To model a communication link from one arbitrary sensor to
the base station, we will omit the index i in fij and use fj ,
hereafter.
In a R × D D-STBC scheme, K consecutive symbols
are sent over R transmit antennas using orthogonal R × K
matrices, where D is the number of receive antennas at
the destination. The normalized transmit data of an arbitrary
sensor is presented by (x)K×1 = [x1 x2 ...xK ]T such that
E{xx∗ } = T , where E(.) is expected value function and (.)T
and (.)∗ denote transpose and conjugate transpose operations,
respectively. For 2 × 1 STBC used in the proposed model, we
have R = K = 2, D = 1.
If P1 is the power assigned to each sensor, the received
signal at the j th supernode during two consecutive time
intervals is
rj =


P1 fj xi + vj , j = 1, 2

(1)

where vj is a 2×1 noise vector whose elements are ZMCGRV
with variance of N1 . Coherent symbol by symbol maximum
likelihood detection (MLD) is performed to calculate demodT
ulated packet x̂j = [x1j , x2j , ...xK
j ] as

rjk 

x̂kj = arg minx − √

P1 fj
x∈X

(2)

where X is the constellation map.
The error vector is ej = x̂j − x ∈ E T , where E =
{xi − xj : ∀xi , xj ∈ X } is the error support set. For BPSK
modulation, we have X = {−1, 1} and E = {0, 2, −2}.
The resulting symbols are space-time coded and transmitted
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to the base station as follows,
¯j
tj = Aj x̂j + Bj x̂

(3)

where x̄j denotes the conjugate of vector xj . Aj and Bj are
R × K real and imaginary unitary STBC matrices. For 2 × 1
D-STBC with real-valued BPSK modulation, following [28]
they are chosen as




1
0
0 1
A1 =
, A2 =
, B1 = B2 = 0. (4)
0 −1
1 0
Therefore, the received signal, y = [y 1 y 2 ]T at the base
station is
y=

2


gj



P2j Aj x̂j + w

j=1

=

2


gj



P2j Aj xj +

j=1

2


gj


P2j Aj ej + w

(5)

j=1

where w is a 2 × 1 random vector whose elements are
ZMCGRV with variance N2 and P2j is transmit power of
relay node j such that P21 = P22 = P22 .

Considering full CSI at the receiver and the orthogonality
of unitary matrices Aj , it can be shown that the detection
problem reduces to the following Gaussian scalar detection
problem:

ḡ1 y1 + g2 ȳ2 

x̂1 = arg minx − 

P2 /2 g 2
x∈X

ḡ2 y1 − g1 ȳ2 

x̂2 = arg minx − 
(8)

P2 /2 g 2
x∈X
where . is Frobenius norm and g = [g1 g2 ] is the channel
vector from supernodes to the base station. Using (5), equation
set (8) can be rewritten as




xˆ1 = arg min P2 /2 g (x − x1 ) + n1 
x∈X




xˆ2 = arg min P2 /2 g (x − x2 ) + n2 
(9)
x∈X

where noise terms n1 and n2 can be decomposed into three
terms. For instance, n1 is
n1 =

III. P ERFORMANCE A NALYSIS

The probability of error for Rayleigh fading channels from
(sr)
sensors to supernodes pe , for coherent detection in equation
(2), can be calculated as in [31],
 
1
γ1
pe(sr) = Efj Q
2|fj |2 γ1
=
1−
2
γ1 + 1
1
≈
(6)
,
γ1 → ∞
4(γ1 + 1)
P1
where γ1 = N
is the average SNR of the supernodes; Ex (.)
1
is expected value respect to x.
For DMF relaying and BPSK modulation, the error vector
at the j th sink, ej = [e1j e2j ]T has the following pdf:
(sr)

1 − pe
(sr)
pe

l=0
l = −2xi

(7)

n12

|g1 |2 e11 + |g2 |2 e12 
+
P2 /2 .
g




(10)

n13

Term n11 is a ZMCGRV with variance N2 , since a Gaussian
random vector with covariance matrix proportional to the
identity matrix preserves its distribution after multiplication
by a unitary matrix. Terms n12 is a zero mean discrete RV
with variance
|g1 g2 |2 (e22 − e21 )2 P2
]
2 g 2
|g1 g2 |2
(a) P2
E[(e22 − e21 )2 ]E[
=
]
2
|g1 |2 + |g2 |2
|g1 g2 |2
(b)
= 4P2 pe(sr) (1 − pe(sr) )E[
]
|g1 |2 + |g2 |2
(c) 4
= P2 pe(sr) (1 − pe(sr) )
3

E[n212 ] = E[

A. Inner Channel BER Performance

p(ekj = l) =

g¯1 w1 + g2 w¯2 g¯1 g2 (e22 − e21 ) 
+
P2 /2
g
g


 


n11

In order to analyze the system BER performance, we first
calculate the probability of error for the inner channels. Then,
we derive an upper bound on the whole system end-to-end
BER performance.
In the proposed scheme, sensors transmit through orthogonal carriers, hence there is no need for time synchronization
among sensors. The relay nodes do not need channel state
information (CSI). We only need full CSI at the destination,
which can be obtained using training sequences in practical
applications. Therefore, a symbol based synchronization is
required at relays similar to [21], which is more practical
than carrier-level synchronization assumed in [29] and [30].
This level of synchronization can be easily implemented in
moderate-complexity supernodes. For continuous data transmission, this can be achieved by instant relaying, since the
radio paths are very short and do not adversely affect time
synchronization.
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(11)

where (a) follows from the independence of noise terms ekj
and channel coefficients gj ; (b) follows directly from equation
(7) and independence of ekj RVs; and (c) follows from the
following proposition.
Proposition 1: If g1 and g2 are independent unit variance
g2 |2
1
ZMCGRVs, then E[ |g1|g|21+|g
2 ] = 3.
2|
Proof: We note that |gj | is a Rayleigh distributed RV with
2
gj

gj − 2σg2
σg2 e

, where σg2 = 0.5 is the variance of real
pdf f (gj ) =
and imaginary parts of gj , hence we have
|g1 g2 |2 
|g1 |2 + |g2 |2
 ∞ ∞
g2 +g2
|g1 g2 |2
g1 g2 − 12σg2 2
=
.
e
dg1 dg2 .
|g1 |2 + |g2 |2 σg4
0
0

I1 = E



(12)

IEEE TRANSACTIONS ON WIRELESS COMMUNICATIONS, VOL. 12, NO. 2, FEBRUARY 2013

This completes the proof.
Thus, n12 is a zero-mean noise term with variance
(sr)
(sr)
4
(1 − pe ). It is a well-known fact that the Gaussian
3 P2 pe
distribution maximizes the entropy of a RV with a given
variance, hence Gaussian noise is the most unpredictable and
hence the most harmful noise in a point to point communication [26], [32]. Recently, it is shown that Gaussian noise is the
worst-case additive noise in general [26], [33]. Therefore, it
is reasonable to conservatively model an arbitrary noise term
with an equivalent Gaussian noise of the same variance. We
do so for n12 .
In order to be more accurate, we plot the distribution
of this noise term in Fig. 5. We observe that the resulting
distribution, in fact is very close to a Gaussian distribution
with an impulse response at origin. The impulse response is
(sr)
(sr)
due to the probability of p(e22 − e21 = 0)(pe )2 + (1 − pe )2 .
The Gaussian approximation of the noise term n12 with and
without considering the impulse at the origin is represented
in this figure by Approx. 1 and Approx. 2, respectively.
Approximation 2 is more accurate but it needs conditional
treating by considering only the case of p(e22 − e21 = 0).
However, the simulation results demonstrate negligible difference in the inner channel end-to-end error probability for
the two approximations. Therefore, we use the pure Gaussian
Approximation 1 for the sake of simplicity in the resulting
equations. It is noteworthy that we checked the validity of both
approximations using Kolmogorov-Smirnov test for goodness
of fit [34], [35]. Empirical distribution of n12 obtained from
both approximations using 10000 points pass this test. The
test result confirms that we can assume that the samples of
n12 are derived from a Gaussian noise with deviation less
than 5% from the pdf [34], [35]. Therefore, n11 and n12
altogether, may be modeled as a ZMCGRV with variance
(sr)
(sr)
N2 = N2 + 43 pe (1 − pe )P21 .
The discrete noise term n13 takes 4 values based on e11 and
1
e2 . According to (7) and (10) we have the following pdf for
n13
⎧
(sr) 2
⎪
1 − pe
l=0
⎪
⎪

⎪
⎨ 1 − pe(sr) pe(sr) l = −2 |g2 |2 x P /2
2
g i
p(ni3 = l) =

(sr)
(sr)
|g1 |2
⎪
⎪pe (1 − pe ) l = −2 g xi P2 /2
⎪
⎪

⎩ (sr) 2
pe
l = −2 g xi P2 /2.
(14)
This noise term intends
 to move the mean of
 the scaled
received signal from (xi P2 /2) towards (−xi P2 /2) that
increases the error probability. To quantify the effect of this
term, for a given xi value, we note that
Eg (ni ) = Eg (ni1 ) + Eg (ni2 ) + Eg (ni3 ) = Eg (ni3 ). (15)

0.35
n

12

Gaussian Approx 1
Gaussian Approx 2

0.3

0.25

12

Change of variables to polar format (g1 , g2 ) ∼
(r cosθ, r sinθ) yields
 ∞  π2
2
I1 = 4
r5 sin3 θcos3 θe−r dθdr
r=0 θ=0
  π2 sin3 2θ
 ∞
2
1
1
dθ = 4(1)( ) = .
r5 e−r dr
=4
8
12
3
0
0
(13)

pfd (n )
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Fig. 5. Probability distribution function of noise term n12 and its approxi(sr)
= 0.1 and σg1 = σg2 = 1.
mation with Gaussian distribution. pe

It immediately follows that
 

p E[ P2 /2 g xi + ni ] = l =
⎧

(sr) 2
⎪
1 − pe
l = g xi P2 /2
⎪
⎪
⎪
⎨1 − pe(sr) pe(sr) l = (|g1 |2 −|g2 |2 ) x P /2
i
2
g

(sr) 
(sr) 
(−|g1 |2 +|g2 |2 )
⎪
1 − pe
l=
xi P2 /2
⎪
g
⎪pe
⎪

⎩ (sr) 2
pe
l = − g xi P2 /2.
(16)

To summarize, considering noise term n13 as a shift in the
signal mean value and treating n11 + n12 as a Gaussian noise
term with variance N  , the overall probability of inner channel
(in)
error, pe , can be calculated as
pe(in) =



p(ni3 )p (in) (error|ni3 )

n

i3


2  
= 1 − pe(sr) Eg Q
g 2 γ2


2   
+ pe(sr) Eg Q −
g 2 γ2


   |g1 |2 − |g2 |2 √
+ 2pe(sr) 1 − pe(sr) Eg Q
γ2
g
(17)

where p (in) (error|ni3 ) is the probability of error for a given
P2
ni3 value, and γ2 = N
 is the average equivalent SNR at the
2
base station. To calculate the above expression we have used
the following proposition.
Proposition 2: Let g = [g1 g2 ] is a vector with ZMCGRV elements
and c is a scalar value, then we have
2
−|g2 |2
c)] = 12 .
Eg [Q( |g1 | g
2

2

−|g2 |
Proof: By symmetry, we note that x = |g1 | g
c is a
RV with even pdf, f (-x)=f (x). Noting Q(−x) = 1 − Q(x), it
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results



E[Q(x)] =

∞

−∞
 0

where α is the portion of power allocated to the sensor nodes.
(sr)
Substituting the value of pe in (6), γ2 becomes

Q(x)f (x)dx

Q(x)f (x)dx +

γ2 =

∞

Q(x)f (x)dx
−∞
0
 ∞
 ∞
=
(1 − Q(x))f (x)dx +
Q(x)f (x)dx
0
0 ∞
1
f (x)dx = .
(18)
=
2
0

=

This completes the proof.
Considering proposition 2, equation (17) is simplified to
pe(in) = pe(sr) + pe(rd) − 2pe(sr) pe(rd)
(rd)

where pe

is
pe(rd)

 
= Eg Q
g

2

(19)


γ2

ᾱP
N+

4 (sr)
(1 −
3 pe
2
2

.

(20)

(rd)

Combining equations (6), (19), and (22) results in the
following expression for the overall bit error probability:
1
1
1
+
−
2
4(γ1 + 1) 2(γ2 + 2)
4(γ1 + 1)(γ2 + 2)2
(23)

which clearly is
pe(in) = pe(sr) ∗ pe(rd) = pe(sr) (1 − pe(rd) ) + (1 − pe(sr) )pe(rd)
(24)
where (∗) denotes convolution operation. This resulting expression is interestingly equal to the error probability of
(sr)
cascade of two channels with error probabilities pe
and
(rd)
pe .
For simplicity, we assume equal noise power at relay and
destination nodes N1 = N2 = N . Then, γ1 and γ2 can be
calculated as follows,
⎧
⎪
P1
P
⎨P1 = αP
γ1 = N
= αN
= αγ
1
⇒
P2 = ᾱP
P2
ᾱP
γ2 = N  =
⎪
(sr)
(sr)
⎩
N + 43 pe (1−pe )ᾱP
2
ᾱ = 1 − α
(25)

(sr)

pe

)ᾱP

12α ᾱγ
8α2 γ + 4αγ + α − 1
3αᾱγ
, γ → ∞.
≈
2α + 1
≈

(26)

Therefore, the equivalent SNR for the links from source to
relay and from relay to destination, are both factors of the
total SNR value as
γ1 = αγ,
γ2 = ηγ,

To calculate pe , we note that the channel coefficients gi
are ZMCGRVs, hence g 2 is a Chi-square distributed RV
with 4 degrees of freedom. It is shown in [31] that equation
(20) for a Chi-square RV with 2L degrees of freedom can be
written as
1 1
L
γ2
−
×
pe(rd) =
2 2 γ2 + 2
L−1
 L − 1 + l 1 1
l
γ2
+
(21)
l
2 2 γ2 + 2
l=0
n
n!
= m!(n−m)!
where m
. Setting L = 2 and using approxima√
tion 1 + x ≈ 1 + 12 x for small x, (21) is simplified to
γ2 + 3
γ2
1
1−
pe(rd) =
2
γ2 + 2 γ2 + 2
1
≈
, γ2 → ∞.
(22)
2(γ2 + 2)2

pe(in) =
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(η =

3αᾱ
).
2α + 1

(27)

Substituting the above values of γ1 and γ2 into (23), it can
be rewritten as
1
1
1
pe(in) =
+
−
.
4(αγ + 1) 2(ηγ + 2)2
4(αγ + 1)(ηγ + 2)2
(28)
It can be seen that when the total SNR approaches infinity,
(sr)
both γ1 and γ2 approach infinity and the first term pe =
1
4(αγ+1) is dominant. Hence, more power should be assigned
to the source nodes to compensate this error as seen in the
simulation results.
To analyze the two extreme cases of power allocation α = 0
and α = 1, we note that if we assign all the power to the
(in)
second layer, α → 0, then pe saturates to about 12 regardless
of SNR value. This obviously is because no information is sent
from the source to relay nodes. On the other hand, if α → 1
and consequently η → 0, the same fact applies due to the high
(rd)
error rate in pe for any SNR value. Consequently, α should
be chosen carefully in range (0, 1) considering the channel
noise power. To optimize α, we note that the error probability
(in)
pe in (28) is a convex function of α. To find the optimum
power allocation, one can take derivative of (28) with respect
to α and set it equal to zero. This also can be solved using
numerical methods. The optimum power allocation parameter,
for different SN R = NP1 values are presented in Table. I.
TABLE I
O PTIMUM POWER ALLOCATION FOR DIFFERENT SNR VALUES
SNR (dB)
α

10
0.65

15
0.71

20
0.78

25
0.84

It is noteworthy that we assumed equal noise levels and
equal path losses for the two hops of communications (the
channels from the source to relays and channels from relays
to the destination). If we take into account the path loss of l
for the first hop of the inner link, (1) changes to


rj = P1 lfj xi + vj ⇒ rj /l = P1 fj xi + vj , j = 1, 2
(29)
which is equivalent to the original system with noise level
divided by l. Thus, unequal noise levels case covers this
effect as well. We assumed equal noise power at relays and
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destination, so far, for the sake of simplicity. However, all the
calculations hold for unequal noise levels as well. We only
need to skip using relation N1 = N2 = N from (25) and its
subsequent equations. In Fig. 7, the optimum power allocation
is shown for this general case.
B. Overall System BER Performance
(in)

The inner channel error probability pe , derived in (28),
is used in this section to analyze the system overall BER
performance. To derive an upper bound on the system end-toend BER performance, we consider a basic decoder operation
over the inner channel as a reference system. The basic
decoder consists of MAP decoders, each corresponding to a
RSC encoder, followed by a symbol-by-symbol MLD. This
decoder is obtained by setting the switch in position M 1 and
bypassing information exchange among constituent decoders
in Fig. 3. Each constituent decoder performs decoding individually and provides estimations for the corresponding sensor’s
observations bits. Considering the equal sensor accuracies and
symmetry of channels, MLD reduces to a majority vote rule.
Majority vote is performed on the resulting hard bits to yield
estimations of the source bits. The performance of this decoder
is analyzed over the inner channel, which is replaced by an
(in)
equivalent BSC channel with error probability pe .
The bit Weight Enumeration Function (WEF) for the utilized RSC encoders with feed forward and feed back ploynomials f (D) = 1 + D2 and g(D) = 1 + D + D2 , is calculated
following the procedure in [36],
3X 5 − 6X 6 + 2X 7
B(X) =
1 − 4X + 4X 2
= 3X 5 + 6X 6 + 14X 7 + 32X 8 + . . .

(30)

which presents the weight spectrum of the RSC encoder. For
instance, we have three code words with bit weight 5, six
codewords with bit weight 6 and so on. An upper-bound on
the bit error probability of a RSC encoder over a BSC channel
(in)
with small crossover probability, pe according to [36] is

df ree
√ (in) (in) ≈ Bdf ree 2 pe(in) p̄e(in)
pe(rsc) ≤ B(X)|
X=2

pe

p̄e

(31)
where df ree = 5 is the minimum distance of the code and
Bdf ree = 3 is the coefficient of the corresponding term in
B(X).
The output bit of each RSC decoder may be in error either
because of the corresponding sensor’s observation error βi or
(rsc)
due to channel error pe . Hence, the probability of bit error
after RSC decoding with respect to the source signal is upper
bounded by
pei ≤ βi ⊗ pe(rsc) = βi (1 − pe(rsc) ) + (1 − βi )pe(rsc) .

(32)

The output of the RSC decoders are fed into the majority
vote decoder, where the output bit is set to 0, if the value of the
corresponding output bits at half or more of the decoders are
0, otherwise it is set to 1. Hence, a particular output bit is in
error, if the corresponding bit in more than half of the sensors
is decoded incorrectly. For even number of the sensors, if half
of the bits decoded correctly then the output of ML detector

is in error with probability 12 . Consequently, the overall bit
error probability of the system, is upper-bounded by

pe ≤

⎧
⎪
⎪
⎪
⎪
⎨
⎪
⎪
⎪
⎪
⎩

M 

M


i

i= M2+1
M


i= M
+1
2

pi p̄M −i

M  i M −i 1  M  M/2 M/2
+ 2 M/2 p
p̄
p p̄
i

M is odd
M is even
(33)

where we have p = 1 − q = pei . The two above upper
bound equations for odd and even number of sensors can be
combined to the following expression:
 
 
M

M
M i M−i (−1)M + 1 M
2
+
pq
pe ≤
M (pq)
i
4
2
M
i=

2

+1

(34)
where . denotes floor function. This is an upper bound on
the probability of error in detecting a single bit of the source
data using the proposed coding scheme over defined system
model. This is plotted and compared to the simulation results
of the proposed coding scheme in the next section.
It is notable that if we consider an error free channels from
the sensors to the destination, we can replace p with β in (34),
 
 
M

M i M−i (−1)M + 1 M
M
f loor
2
=
+
β β̄
pe
M (β β̄) .
i
4
2
M
i=

2

+1

(35)
This is the lowest end-to-end error probability that can not
be compensated by means of coding and appear as BER floor
in Fig. 8. This error floor for low and moderate observation
accuracies is often dominant to the error floor imposed by the
decoding algorithm.
IV. S IMULATION R ESULTS
In this section, the simulation results for the proposed
system are presented. First, BER performance of the inner
channels is analyzed. Then, the overall system end-to-end
BER performance considering both communication layers
is evaluated. In all simulations, data frames with 256 bits
length, BPSK modulation, i.i.d equiprobable Bernoulli input
bit stream, observation error of β = 0.01 and orthogonal
Rayleigh distributed block fading channels are considered,
except otherwise explicitly specified.
Fig. 6 presents the impact of power allocation on inner
channel error probability. Despite STBC assisted AF-relaying,
where the optimality achieved if the total power is equally
divided between the two tiers (sensors and relays), the performance curve of DMF relaying mode is not symmetric.
Dashed and solid lines in this figure presents analytical and
simulation results for error probability as a function of power
allocation parameter α. Simulation results match the analytical
expression derived in (28), specially for large SNR values,
where the approximations hold better. One interesting result
is that allocating more power to the sensor nodes, specially
at large SNR values improves the performance. The optimum
power allocation scenario can be chosen based on the average
SNR value of the system, NP1 . The optimum power allocation
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Fig. 8. Probability of error for inner channel and the whole system, number
of sensors: 4.
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Fig. 9. Comparison of system performance for different number of supernodes, with and without STBC coding at supernodes, number of sensors: 4.

parameters for some SNR values that presented in Table I, are
marked in this figure as well.
The optimum power allocation versus SNR value is shown
more explicitly in Fig. 7. Moreover, this figure analyzes the
effect of unequal noise level at the relays and destination. It
is clearly seen that the communication hop with higher noise
level requires higher share of the power pool, which is an
expected observation.
The overall system end-to-end BER performance versus
R
is presented in Fig. 8, where Eb is the
Eb /N0 = M SN
Rc
total energy per information bit, N0 is one sided noise power,
M is the number of sensors and Rc is the coding rate at each
sensor. To eliminate the flactuation effect in the BER curve,
simulation is perfomed over extremely large number of frames.
Dashed line in this figure shows the analytical probability of
bit error based on equation (28) for inner channels, which
matches the simulation results. The red line shows the upper
bound on the overall system BER performance derived in
equation (34). Simulation results show that the performance
of basic decoder approaches the upper bound for high SNR
values. The performance gap between the upper bound and the
basic decoder is due to the approximations in deriving upper
bound in equations (31) to (34). Moreover, in the upper bound
calculations, for simplicity, we first calculate the source-to-

destination error probability for each sensor and then apply
the majority vote on the resulting hard bits; while in the
implementation of basic decoder, a hard limiter is applied
directly on the summation of the soft outputs (LLRs) of the
constituent decoders, which is more efficient.
It can be seen that the proposed iterative decoder outperforms the basic decoder. The performance improvement
ranges from 1 to 4 dB for different SNR values. This improvement is due to considering observation model in the iterative
decoding algorithm and using the average of other sensors’
observations as side information in decoding a particular
sensor’s observation. However, the error floor of the overall
system is not considerably improved since it is imposed by
the number of sensors and observation error parameter as in
(35).
Fig. 9 demonstrates the performance improvement gained
by the proposed model employing two supernodes and utilizing D-STBC in a two-tiered network. This figure presents three
setups for the inner channel including i) single super-node
scenario ii) double super-node without STBC and iii) double
super-node with STBC, all performing DMF relaying. The
total power for all scenarios are equal to keep the comparison
fair. It is shown that using two supernodes increases the
performance by about 2 ∼ 3 dB due to the space diversity

Fig. 7. Optimum power allocation vs SNR: N

1 +N2
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gain. Also, about 1 dB additional gain is obtained using DSTBC due to the space-time diversity. All schemes ultimately
reach the error floor for extremely large SNR values, which is
corresponding to error-free communications as calculated in
(35).
V. C ONCLUSION
In this article, a two-tiered WSN system model is proposed
to estimate an inaccessible binary data source using multiple
observations. It was shown that the end-to-end system BER
performance can be formulated as a function of the number of
sensors inside each cluster, the observation accuracy, and the
equivalent SNR value. As a thumbnail rule, higher number of
sensors are needed to compensate lower observation accuracy,
since the high error floor can not be compensated by improving the coding scheme. This provides an additional criterion
for clustering algorithms to determine the minimum number
of sensors in each cluster. This consideration minimizes the
implementation and maintenance cost.
The idea of using two supernodes per cluster is proposed for
this problem and D-STBC assisted DMF relaying is chosen
as an appropriate near-optimal relaying scheme for this setup.
This scheme provides the following advantages: (i) applicability to orthogonal channels in addition to common channels, (ii)
no need for carrier-level synchronizations and (iii) facilitating
the packet reformatting. Numerical results presents about 3
dB improvement in the end-to-end BER performance due to
utilizing the proposed two-hop relaying method. This is in
addition to about 1 ∼ 4 dB coding gain obtained by using
PCCC based D-JSCC in the first tier, compare to the traditional
basic coder, as discussed in Sec. IV.
Optimum power allocation is found by introducing the inner
channel concept in order to optimize the system end-to-end
BER performance. It is concluded that a higher share of
available power should be assigned to the first tier (sensor
nodes) in higher SNR regimes. This power optimization can
be applied to any similar multiple-relaying system utilizing
DMF relaying mode.
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